
Chapter 19
Bose-Einstein Condensation

Abstract Bose-Einstein condensation (BEC) refers to a prediction of quantum sta-
tistical mechanics (Bose [1], Einstein [2]) where an ideal gas of identical bosons
undergoes a phase transition when the thermal de Broglie wavelength exceeds the
mean spacing between the particles. Under these conditions, bosons are stimulated
by the presence of other bosons in the lowest energy state to occupy that state as
well, resulting in a macroscopic occupation of a single quantum state. The con-
densate that forms constitutes a macroscopic quantum-mechanical object. BEC was
first observed in 1995, seventy years after the initial predictions, and resulted in the
award of 2001 Nobel Prize in Physics to Cornell, Ketterle and Weiman. The exper-
imental observation of BEC was achieved in a dilute gas of alkali atoms in a mag-
netic trap. The first experiments used 87Rb atoms [3], 23Na [4], 7Li [5], and H [6]
more recently metastable He has been condensed [7]. The list of BEC atoms now
includes molecular systems such as Rb2 [8], Li2 [9] and Cs2 [10]. In order to cool
the atoms to the required temperature (∼200 nK) and densities (1013–1014 cm−3)
for the observation of BEC a combination of optical cooling and evaporative cooling
were employed. Early experiments used magnetic traps but now optical dipole traps
are also common. Condensates containing up to 5×109 atoms have been achieved
for atoms with a positive scattering length (repulsive interaction), but small con-
densates have also been achieved with only a few hundred atoms. In recent years
Fermi degenerate gases have been produced [11], but we will not discuss these in
this chapter.

BECs are now routinely produced in dozens of laboratories around the world.
They have provided a wonderful test bed for condensed matter physics with stunning
experimental demonstrations of, among other things, interference between conden-
sates, superfluidity and vortices. More recently they have been used to create opti-
cally nonlinear media to demonstrate electromagnetically induced transparency and
neutral atom arrays in an optical lattice via a Mott insulator transition.

Many experiments on BECs are well described by a semiclassical theory dis-
cussed below. Typically these involve condensates with a large number of atoms,
and in some ways are analogous to describing a laser in terms of a semiclassi-
cal mean field. More recent experiments however have begun to probe quantum
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properties of the condensate, and are related to the fundamental discreteness of the
field and nonlinear quantum dynamics. In this chapter, we discuss some of these
quantum properties of the condensate. We shall make use of “few mode” approxi-
mations which treat only essential condensate modes and ignore all noncondensate
modes. This enables us to use techniques developed for treating quantum optical
systems described in earlier chapters of this book.

19.1 Hamiltonian: Binary Collision Model

The effects of interparticle interactions are of fundamental importance in the study
of dilute–gas Bose–Einstein condensates. Although the actual interaction potential
between atoms is typically very complex, the regime of operation of current exper-
iments is such that interactions can in fact be treated very accurately with a much–
simplified model. In particular, at very low temperature the de Broglie wavelengths
of the atoms are very large compared to the range of the interatomic potential. This,
together with the fact that the density and energy of the atoms are so low that they
rarely approach each other very closely, means that atom–atom interactions are ef-
fectively weak and dominated by (elastic) s–wave scattering. It follows also that
to a good approximation one need only consider binary collisions (i.e., three–body
processes can be neglected) in the theoretical model.

The s–wave scattering is characterised by the s–wave scattering length, a, the
sign of which depends sensitively on the precise details of the interatomic potential
[a > 0 (a < 0) for repulsive (attractive) interactions]. Given the conditions described
above, the interaction potential can be approximated by

U(r− r′) = U0δ (r− r′) , (19.1)

(i.e., a hard sphere potential) with U0 the interaction “strength,” given by

U0 =
4π h̄2a

m
, (19.2)

and the Hamiltonian for the system of weakly interacting bosons in an external
potential, Vtrap(r), can be written in the second quantised form as

Ĥ =
∫

d3r Ψ̂†(r)
[
− h̄2

2m
∇2 +Vtrap(r)

]
Ψ̂(r)

+
1
2

∫
d3r

∫
d3r′Ψ̂ †(r)Ψ̂†(r′)U(r− r′)Ψ̂ (r′)Ψ̂(r) (19.3)

where Ψ̂(r) and Ψ̂†(r) are the boson field operators that annihilate or create a par-
ticle at the position r, respectively.
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To put a quantitative estimate on the applicability of the model, if ρ is the density
of bosons, then a necessary condition is that a3ρ � 1 (for a > 0). This condition is
indeed satisfied in the alkali gas BEC experiments [3, 4], where achieved densities
of the order of 1012−1013 cm−3 correspond to a3ρ � 10−5−10−6.

19.2 Mean–Field Theory — Gross-Pitaevskii Equation

The Heisenberg equation of motion for Ψ̂(r) is derived as

ih̄
∂Ψ̂ (r, t)

∂ t
=
[
− h̄2

2m
∇2 +Vtrap(r)

]
Ψ̂(r,t)+U0Ψ̂†(r,t)Ψ̂(r,t)Ψ̂ (r,t) , (19.4)

which cannot in general be solved. In the mean–field approach, however, the expec-
tation value of (19.4) is taken and the field operator decomposed as

Ψ̂(r,t) = Ψ(r,t)+Ψ̃(r, t) , (19.5)

where Ψ(r, t) = 〈Ψ̂ (r,t)〉 is the “condensate wave function” and Ψ̃(r) describes
quantum and thermal fluctuations around this mean value. The quantity Ψ(r,t) is in
fact a classical field possessing a well–defined phase, reflecting a broken gauge sym-
metry associated with the condensation process. The expectation value of Ψ̃(r,t) is
zero and, in the mean–field theory, its effects are assumed to be small, amounting to
the assumption of the thermodynamic limit, where the number of particles tends to
infinity while the density is held fixed. For the effects of Ψ̃(r) to be negligibly small
in the equation for Ψ(r) also amounts to an assumption of zero temperature (i.e.,
pure condensate). Given that this is so, and using the normalisation

∫
d3r |Ψ (r,t)|2 = 1 , (19.6)

one is lead to the nonlinear Schrödinger equation, or “Gross–Pitaevskii equation”
(GP equation), for the condensate wave function Ψ(r, t) [13],

ih̄
∂Ψ (r, t)

∂ t
=
[
− h̄2

2m
∇2 +Vtrap(r)+ NU0|Ψ(r,t)|2

]
Ψ (r,t) , (19.7)

where N is the mean number of particles in the condensate. The nonlinear interaction
term (or mean–field pseudo–potential) is proportional to the number of atoms in the
condensate and to the s–wave scattering length through the parameter U0.

A stationary solution for the condensate wavefunction may be found by substi-

tuting ψ(r,t) = exp
(−iμt

h̄

)
ψ(r) into (19.7) (where μ is the chemical potential of

the condensate). This yields the time independent equation,
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[−h̄2

2m
∇2 +Vtrap(r)+ NU0 |ψ(r)|2

]
ψ(r) = μψ(r) . (19.8)

The GP equation has proved most successful in describing many of the mean field
properties of the condensate. The reader is referred to the review articles listed in
further reading for a comprehensive list of references. In this chapter we shall focus
on the quantum properties of the condensate and to facilitate our investigations we
shall go to a single mode model.

19.3 Single Mode Approximation

The study of the quantum statistical properties of the condensate (at T = 0) can be
reduced to a relatively simple model by using a mode expansion and subsequent
truncation to just a single mode (the “condensate mode”). In particular, one writes
the Heisenberg atomic field annihilation operator as a mode expansion over single–
particle states,

Ψ̂(r,t) = ∑
α

aα(t)ψα(r)exp−iμα t/h̄

= a0(t)ψ0(r)exp−iμ0t/h̄ +Ψ̃(r,t) , (19.9)

where [aα(t),a†
β (t)] = δαβ and {ψα(r)} are a complete orthonormal basis set and

{μα} the corresponding eigenvalues. The first term in the second line of (19.9) acts
only on the condensate state vector, with ψ0(r) chosen as a solution of the station-
ary GP equation (19.8) (with chemical potential μ0 and mean number of condensate
atoms N). The second term, Ψ̃(r,t), accounts for non–condensate atoms. Substitut-
ing this mode expansion into the Hamiltonian

Ĥ =
∫

d3r Ψ̂ †(r)
[
− h̄2

2m
∇2 +Vtrap(r)

]
Ψ̂(r)

+(U0/2)
∫

d3r Ψ̂†(r)Ψ̂ †(r)Ψ̂(r)Ψ̂ (r) , (19.10)

and retaining only condensate terms, one arrives at the single–mode effective Hamil-
tonian

Ĥ = h̄ω̃0a†
0a0 + h̄κa†

0a†
0a0a0 , (19.11)

where

h̄ω̃0 =
∫

d3r ψ∗0 (r)
[
− h̄2

2m
∇2 +Vtrap(r)

]
ψ0(r) , (19.12)

and

h̄κ =
U0

2

∫
d3r |ψ0(r)|4 . (19.13)
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We have assumed that the state is prepared slowly, with damping and pumping rates
vanishingly small compared to the trap frequencies and collision rates. This means
that the condensate remains in thermodynamic equilibrium throughout its prepara-
tion. Finally, the atom number distribution is assumed to be sufficiently narrow that
the parameters ω̃0 and κ , which of course depend on the atom number, can be re-
garded as constants (evaluated at the mean atom number). In practice, this proves to
be a very good approximation.

19.4 Quantum State of the Condensate

A Bose-Einstein condensate (BEC) is often viewed as a coherent state of the atomic
field with a definite phase. The Hamiltonian for the atomic field is independent of the
condensate phase (see Exercise 19.1) so it is often convenient to invoke a symmetry
breaking Bogoliubov field to select a particular phase. In addition, a coherent state
implies a superposition of number states, whereas in a single trap experiment there
is a fixed number of atoms in the trap (even if we are ignorant of that number) and
the state of a simple trapped condensate must be a number state (or, more precisely,
a mixture of number states as we do not know the number in the trap from one
preparation to the next). These problems may be bypassed by considering a system
of two condensates for which the total number of atoms N is fixed. Then, a general
state of the system is a superposition of number difference states of the form,

|ψ〉=
N

∑
k=0

ck |k,N− k〉 (19.14)

As we have a well defined superposition state, we can legitimately consider the
relative phase of the two condensates which is a Hermitian observable. We describe
in Sect. 19.6 how a particular relative phase is established due to the measurement
process.

The identification of the condensate state as a coherent state must be modified in
the presence of collisions except in the case of very strong damping.

19.5 Quantum Phase Diffusion: Collapses
and Revivals of the Condensate Phase

The macroscopic wavefunction for the condensate for a relatively strong number
of atoms will exhibit collapses and revivals arising from the quantum evolution of
an initial state with a spread in atom number [21]. The initial collapse has been
described as quantum phase diffusion [20]. The origins of the collapses and revivals
may be seen straightforwardly from the single–mode model. From the Hamiltonian
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Ĥ = h̄ω̃0a†
0a0 + h̄κa†

0a†
0a0a0 , (19.15)

the Heisenberg equation of motion for the condensate mode operator follows as

ȧ0(t) = − i
h̄
[a0,H]

= −i
(

ω̃0a0 + 2κa†
0a0a0

)
, (19.16)

for which a solution can be written in the form

a0(t) = exp
[
−i

(
ω̃0 + 2κa†

0a0

)
t
]

a0(0) . (19.17)

Writing the initial state of the condensate, |i〉, as a superposition of number states,

|i〉= ∑
n

cn|n〉 , (19.18)

the expectation value 〈i|a0(t)|i〉 is given by

〈i|a0(t)|i〉 = ∑
n

c∗n−1cn
√

n exp{−i [ω̃0 + 2κ(n−1)]t}

= ∑
n

c∗n−1cn
√

n exp

(
− iμt

h̄

)
exp{−2iκ(n−N)t} , (19.19)

where the relationship
μ = h̄ω̃0 + 2h̄κ(N−1) , (19.20)

has been used [this expression for μ uses the approximation 〈n2〉 = N2 +(Δn)2 ≈
N2]. The factor exp(−iμt/h̄) describes the deterministic motion of the condensate
mode in phase space and can be removed by transforming to a rotating frame of
reference, allowing one to write

〈i|a0(t)|i〉= ∑
n

c∗n−1cn
√

n {cos[2κ(n−N)t]− i sin[2κ(n−N)t]} . (19.21)

This expression consists of a weighted sum of trigonometric functions with different
frequencies. With time, these functions alternately “dephase” and “rephase,” giving
rise to collapses and revivals, respectively, in analogy with the behaviour of the
Jaynes–Cummings Model of the interaction of a two–level atom with a single elec-
tromagnetic field mode described in Sect. 10.2. The period of the revivals follows di-
rectly from (19.21) as T = π/κ . The collapse time can be derived by considering the
spread of frequencies for particle numbers between n = N +(Δn) and n = N−(Δn),
which yields (ΔΩ) = 2κ(Δn); from this one estimates tcoll � 2π/(ΔΩ) = T/(Δn),
as before.

From the expression tcoll � T/(Δn), it follows that the time taken for collapse
depends on the statistics of the condensate; in particular, on the “width” of the initial
distribution. This dependence is illustrated in Fig. 19.1, where the real part of 〈a0(t)〉
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Fig. 19.1 The real part of
the condensate amplitude
versus time, Re{〈a0(t)〉} for
an amplitude–squeezed state,
(a) and a coherent state (b)
with the same mean number
of atoms, N = 25
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is plotted as a function of time for two different initial states: (a) an amplitude–
squeezed state, (b) a coherent state. The mean number of atoms is chosen in each
case to be N = 25.

The timescales of the collapses show clear differences; the more strongly
number–squeezed the state is, the longer its collapse time. The revival times, how-
ever, are independent of the degree of number squeezing and depend only on the
interaction parameter, κ . For example, a condensate of Rb 2,000 atoms with the
ω/2π = 60 Hz, has revival time of approximately 8 s, which lies within the typical
lifetime of the experimental condensate (10–20 s).

One can examine this phenomenon in the context of the interference between a
pair of condensates and indeed one finds that the visibility of the interference pat-
tern also exhibits collapses and revivals, offering an alternative means of detecting
this effect. To see this, consider, as above, that atoms are released from two conden-
sates with momenta k1 and k2 respectively. Collisions within each condensate are
described by the Hamiltonian (neglecting cross–collisions)

Ĥ = h̄κ
[(

a†
1a1

)2
+
(

a†
2a2

)2
]

, (19.22)

from which the intensity at the detector follows as

I(x,t) = I0〈[a†
1(t)expik1x + a†

2(t)expik2x][a1(t)exp−ik1x + a2(t)exp−ik2x]〉

= I0

{
〈a†

1a1〉+ 〈a†
2a2〉

+〈a†
1 exp

[
2i
(

a†
1a1−a†

2a2

)
κt
]

a2〉exp−iφ(x) + h.c.
}

, (19.23)

where φ(x) = (k2− k1)x.
If one assumes that each condensate is initially in a coherent state of amplitude

|α|, with a relative phase φ between the two condensates, i.e., assuming that

|ϕ(t = 0)〉= |α〉|αe−iφ 〉 , (19.24)
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then one obtains for the intensity

I(x, t) = I0
|α|2

2

{
1 + exp

[
2|α|2 (cos(2κt)−1)

]
cos [φ(x)−φ ]

}
. (19.25)

From this expression, it is clear that the visibility of the interference pattern under-
goes collapses and revivals with a period equal to π/κ . For short times t � 1/2κ ,
this can be written as

I(x,t) = I0
|α|2

2

[
1 + exp

(−|α|2κ2t2)] , (19.26)

from which the collapse time can be identified as tcoll = 1/κ |α|.
An experimental demonstration of the collapse and revival of a condensate was

done by the group of Bloch in 2002 [12]. In the experiment coherent states of 87Rb
atoms were prepared in a three dimensional optical lattice where the tunneling is
larger than the on-site repulsion. The condensates in each well were phase coherent
with constant relative phases between the sites, and the number distribution in each
well is close to Poisonnian. As the optical dipole potential is increased the depth of
the potential wells increases and the inter-well tunneling decreases producing a sub-
Poisson number distribution in each well due to the repulsive interaction between the
atoms. After preparing the states in each well, the well depth is rapidly increased to
create isolated potential wells. The nonlinear interaction of (19.15) then determines
the dynamics in each well. After some time interval, the hold time, the condensate
is released from the trap and the resulting interference pattern is imaged. As the
mean field amplitude in each well undergoes a collapse the resulting interference
pattern visibility decreases. However as the mean field revives, the visibility of the
interference pattern also revives. The experimental results are shown in Fig. 19.2.

Fig. 19.2 The interference pattern imaged from the released condensate after different hold times.
In (d) the interference fringes have entirely vanished indicating a complete collapse of the am-
plitude of the condensate. In (g), the wait time is now close to the complete revival time for the
coherent amplitude and the fringe pattern is restored. From Fig. 2 of [12]
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19.6 Interference of Two Bose–Einstein Condensates
and Measurement–Induced Phase

The standard approach to a Bose–Einstein condensate assumes that it exhibits a
well–defined amplitude, which unavoidably introduces the condensate phase. Is this
phase just a formal construct, not relevant to any real measurement, or can one ac-
tually observe something in an experiment? Since one needs a phase reference to
observe a phase, two options are available for investigation of the above question.
One could compare the condensate phase to itself at a different time, thereby ex-
amining the condensate phase dynamics, or one could compare the phases of two
distinct condensates. This second option has been studied by a number of groups,
pioneered by the work of Javanainen and Yoo [23] who consider a pair of statisti-
cally independent, physically–separated condensates allowed to drop and, by virtue
of their horizontal motion, overlap as they reach the surface of an atomic detec-
tor. The essential result of the analysis is that, even though no phase information is
initially present (the initial condensates may, for example, be in number states), an
interference pattern may be formed and a relative phase established as a result of
the measurement. This result may be regarded as a constructive example of sponta-
neous symmetry breaking. Every particular measurement produces a certain relative
phase between the condensates; however, this phase is random, so that the symme-
try of the system, being broken in a single measurement, is restored if an ensemble
of measurements is considered.

The physical configuration we have just described and the predicted interference
between two overlapping condensates was realised in a beautiful experiment per-
formed by Andrews et al. [18] at MIT. The observed fringe pattern is shown in
Fig. 19.8.

19.6.1 Interference of Two Condensates Initially in Number States

To outline this effect, we follow the working of Javanainen and Yoo [23] and
consider two condensates made to overlap at the surface of an atom detector. The
condensates each contain N/2 (noninteracting) atoms of momenta k1 and k2, respec-
tively, and in the detection region the appropriate field operator is

ψ̂(x) =
1√
2

[
a1 + a2expiφ(x)

]
, (19.27)

where φ(x) = (k2− k1)x and a1 and a2 are the atom annihilation operators for the
first and second condensate, respectively. For simplicity, the momenta are set to±π ,
so that φ(x) = 2πx. The initial state vector is represented simply by

|ϕ(0)〉= |N/2,N/2〉 . (19.28)
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Assuming destructive measurement of atomic position, whereby none of the
atoms interacts with the detector twice, a direct analogy can be drawn with the
theory of absorptive photodetection and the joint counting rate Rm for m atomic
detections at positions {x1, · · · ,xm} and times {t1, · · · , tm} can be defined as the
normally–ordered average

Rm (x1,t1, . . . ,xm,tm)
= Km〈ψ̂†(x1,t1) · · · ψ̂†(xm,tm)ψ̂(xm, tm) · · · ψ̂(x1, t1)〉 . (19.29)

Here, Km is a constant that incorporates the sensitivity of the detectors, and Rm = 0
if m > N, i.e., no more than N detections can occur.

Further assuming that all atoms are in fact detected, the joint probability density
for detecting m atoms at positions {x1, · · · ,xm} follows as

pm (x1, · · · ,xm) =
(N−m)!

N!
〈ψ̂†(x1) · · · ψ̂†(xm)ψ̂(xm) · · · ψ̂(x1)〉 (19.30)

The conditional probability density, which gives the probability of detecting an atom
at the position xm given m− 1 previous detections at positions {x1, · · · ,xm−1}, is
defined as

p(xm|x1, · · · ,xm−1) =
pm(x1, · · · ,xm)

pm−1(x1, · · · ,xm−1)
, (19.31)

and offers a straightforward means of directly simulating a sequence of atom
detections [23, 24]. This follows from the fact that, by virtue of the form for
pm(x1, · · · ,xm), the conditional probabilities can all be expressed in the simple form

p(xm|x1, · · · ,xm−1) = 1 + β cos(2πxm + ϕ) , (19.32)

where β and ϕ are parameters that depend on {x1, · · · ,xm−1}. The origin of this
form can be seen from the action of each measurement on the previous result,

〈ϕm|ψ̂†(x)ψ̂(x)|ϕm〉= (N−m)+ 2Acos[θ −φ(x)] , (19.33)

with Aexp−iθ = 〈ϕm|a†
1a2|ϕm〉.

So, to simulate an experiment, one begins with the distribution p1(x)= 1, i.e., one
chooses the first random number (the position of the first atom detection), x1, from
a uniform distribution in the interval [0,1] (obviously, before any measurements are
made, there is no information about the phase or visibility of the interference). After
this “measurement,” the state of the system is

|ϕ1〉 = ψ̂(x1)|ϕ0〉
=
√

N/2
{
|(N/2)−1,N/2〉+ |N/2,(N/2)−1〉expiφ(x1)

}
. (19.34)

That is, one now has an entangled state containing phase information due to the fact
that one does not know from which condensate the detected atom came. The corre-
sponding conditional probability density for the second detection can be derived as
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Fig. 19.3 (a) Numerical simulation of 5,000 atomic detections for N = 10,000 (circles). The solid
curve is a least-squares fit using the function 1 + β cos(2πx + ϕ). The free parameters are the
visibility β and the phase ϕ . The detection positions are sorted into 50 equally spaced bins. (b)
Collisions included (κ = 2γ giving a visibility of about one-half of the no collision case. From
Wong et al. [24]



408 19 Bose-Einstein Condensation

p(x|x1) =
p2(x1,x)
p1(x1)

=
1

N−1
〈ψ̂†(x1)ψ̂†(x)ψ̂(x)ψ̂(x1)〉

〈ψ̂†(x1)ψ̂(x1)〉 (19.35)

=
1
2

{
1 +

N
2(N−1)

cos [φ(x)−φ(x1)]
}

. (19.36)

Hence, after just one measurement the visibility (for large N) is already close to 1/2,
with the phase of the interference pattern dependent on the first measurement x1. The
second position, x2, is chosen from the distribution (19.36). The conditional proba-
bility p(x|x1) has, of course, the form (19.32), with β and ϕ taking simple analytic
forms. However, expressions for β and ϕ become more complicated with increasing
m, and in practice the approach one takes is to simply calculate p(x|x1, · · · ,xm−1)
numerically for two values of x [using the form (19.30) for pm(x1, . . . ,xm−1,x), and
noting that pm−1(x1, . . . ,xm−1) is simply a number already determined by the simu-
lation] and then, using these values, solve for β and ϕ . This then defines exactly the
distribution from which to choose xm.

The results of simulations making use of the above procedure are shown in
Figs 19.3 – 19.4. Figure 19.3 shows a histogram of 5,000 atom detections from
condensates initially containing N/2 = 5,000 atoms each with and without colli-
sions. From a fit of the data to a function of the form 1+β cos(2πx+ϕ), the visibil-
ity of the interference pattern, β , is calculated to be 1. The conditional probability
distributions calculated before each detection contain what one can define as a con-
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Fig. 19.4 Averaged conditional visibility as a function of the number of detected atoms. From
Wong et al. [13]
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Fig. 19.5 Fixed point bifurcation diagram of the two mode semiclassical BEC dynamics. (a) z∗,
(b) x∗ . Solid line is stable while dashed line is unstable.

ditional visibility. Following the value of this conditional visibility gives a quantita-
tive measure of the buildup of the interference pattern as a function of the number
of detections. The conditional visibility, averaged over many simulations, is shown
as a function of the number of detections in Fig. 19.4 for N = 200. One clearly
sees the sudden increase to a value of approximately 0.5 after the first detection,
followed by a steady rise towards the value 1.0 (in the absence of collisions) as
each further detection provides more information about the phase of the interference
pattern.

One can also follow the evolution of the conditional phase contained within the
conditional probability distribution. The final phase produced by each individual
simulation is, of course, random but the trajectories are seen to stabilise about a
particular value after approximately 50 detections (for N = 200).

19.7 Quantum Tunneling of a Two Component Condensate

A two component condensate in a double well potential is a non trivial nonlinear
dynamical model. Suppose the trapping potential in (19.3) is given by

V (r) = b(x2−q2
0)

2 +
1
2

mω2
t (y2 + z2) (19.37)

where ωt is the trap frequency in the y–z plane. The potential has elliptic fixed
points at r1 = +q0x, r2 =−q0x near which the linearised motion is harmonic with
frequency ω0 = qo (8b/m)1/2. For simplicity we set ωt = ω0 and scale the length in
units of r0 =

√
h̄/2mω0, which is the position uncertainty in the harmonic oscillator

ground state. The barrier height is B = (h̄ω/8)(q0/r0)2. We can justify a two mode
expansion of the condensate field by assuming the potential parameters are chosen
so that the two lowest single particle energy eigenstates are below the barrier, with



410 19 Bose-Einstein Condensation

the next highest energy eigenstate separated from the ground state doublet by a
large gap. We will further assume that the interaction term is sufficiently weak that,
near zero temperature, the condensate wave functions are well approximated by the
single particle wave functions.

The potential may be expanded around the two stable fixed points to quadratic
order

V (r) = Ṽ (2)(r− r j)+ . . . (19.38)

where j = 1,2 and
Ṽ (2)(r) = 4bq2

0|r|2 (19.39)

We can now use as the local mode functions the single particle wave functions for
harmonic oscillators ground states, with energy E0, localised in each well,

u j(r) =
−(−1) j

(2πr2
0)3/4

exp

[
−1

4
((x−q0)2 + y2 + z2)/r2

0

]
(19.40)

These states are almost orthogonal, with the deviation from orthogonality given by
the overlap under the barrier,

∫
d3ru∗j(r)uk(r) = δ j,k +(1− δ j,k)ε (19.41)

with ε = e−
1
2 q2

0/r2
0 .

The localised states in (19.40) may be used to approximate the single particle
energy (and parity) eigenstates as

u± ≈ 1√
2
[u1(r)±u2(r)] (19.42)

corresponding to the energy eigenvalues E± = E0±R with

R =
∫

d3r u∗1(r)[V (r)− Ṽ(r− r1)]u2(r) (19.43)

A localised state is thus an even or odd superposition of the two lowest energy
eigenstates. Under time evolution the relative phase of the superposition can change
sign after a time T = 2π/Ω, the tunneling time, where the tunneling frequency is
given by

Ω =
2R

h̄
=

3
8

ω0
q2

0

r2
0

e−q2
0/2r2

0 (19.44)

We now make the two-mode approximation by expanding the field operator as

ψ̂(r,t) = c1(t) u1(r)+ c2(t) u2(r) (19.45)

where
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c j(t) =
∫

d3r u∗1(r)ψ̂(r, t) (19.46)

and [ci,c
†
k ] = δ j,k. The two mode approximation is good provided ε is small, equiv-

alently if Ω << ω0. Numerical calculations indicate that the two mode approxima-
tion can be acceptable even for such small values as q0/r0 = 3. With eh two mode
expansion the full many body Hamiltonian may be approximated by [25]

Ĥ2 = E0(c
†
1c1 + c†

2c2)+
h̄Ω
2

(c1c†
2 + c2c†

1)+ h̄κ
(
(c†

1c1)2 +(c†
2c2)2

)
(19.47)

where κ = U0/2h̄Veff and V−1
eff =

∫
d3r|u0(r)|4 is the inverse effective mode volume

of each well. Neglected terms are of order ε2.
This approximate Hamiltonian is expected to be valid so long as the atomic in-

teractions are not so large as to cause large deviations between the single particle lo-
calised states and the true stationary state of the condensate in each well. In practice
this means a restriction on atomic number such that N << r0

|a0| . If we use r0 = 5 μm
and a0 = 5nm, an atom number as N = 100 satisfies the condition. Recently a num-
ber of experiments have begun to explore this low atomic number region where
quantum fluctuations in the field are dominant, as we discuss on more detail below.

19.7.1 Semiclassical Dynamics

Before proceeding to the full quantum analysis of the two-mode Hamiltonian we
first consider the mean-field approximation. For this we employ the Hartree approx-
imation for a fixed number of atoms N, and write the atomic state vector as

|ΨN(t)〉= 1√
N!

[∫
d3rφN(r,t)ψ̂†(r,0)

]N

|0〉 , (19.48)

where |0〉 is the vacuum. The self-consistent nonlinear Schrödinger equation or
Gross-Pitaevskii equation for the condensate wave function φN(r, t) follows from
the Schrödinger equation ih̄|Ψ̇N(t)〉= Ĥ(0)|ΨN(t)〉, and is given by

ih̄
∂φN

∂ t
=
[
− h̄2

2m
∇2 +V (r)+ NU0|φN |2

]
φN . (19.49)

For a particular choice of the global potential V (r), (19.49) can be solved numer-
ically for a given initial condition. In particular, this equation allows simulations
of condensate tunnelling to be performed without the limitations imposed by the
two-mode approximation.

In the two-mode approximation we use the local modes described above and
write

φN(r,t) = e−iE0t/h̄[b1(t)u1(r)+ b2(t)u2(r)] . (19.50)
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Then, to first-order in ε we obtain the coupled-mode equations

db j

dt
=− iΩ

2
b3− j−2iκN|b j|2b j , (19.51)

The number of atoms in the jth well is given by

Nj(t) = 〈ΨN(t)|ĉ†
j ĉ j|ΨN(t)〉= N|b j(t)|2 , (19.52)

and this provides the link between the coupled-mode amplitudes and the expectation
values of the quantum problem.

The coupled-mode (19.51) have an exact solution [15]. For the case that all N
atoms are initially localised in well 1, N1(0) = N|b1(0)|2 = N, the number of atoms
in well 1 varies in time as

N1(t) =
N
2

[
1 + cn(Ωt|N2/N2

c )
]

, (19.53)

with N1(t)+ N2(t) = N. Here cn(φ |m) is a Jacobi elliptic function, and Nc is the
critical number of atoms given by

Nc =
Ω
κ

. (19.54)

For N < Nc this solution exhibits complete and periodic oscillations between the two
condensates with a period K(N2/N2

c ) which depends on the number of atoms, where
K(m) is a complete elliptic integral of the first kind. For N << Nc, cn becomes cos,
and the oscillations are precisely like those in the Josephson effect. As the number
of atoms is increased the oscillation period increases, until at N = Nc the period is
infinite. This marks a bifurcation in the nonlinear system and at this point the system
asymptotically evolves to equal number of atoms N/2 in each well. For N > Nc the
period of oscillation reduces again but the exchange between the wells is no longer
complete. That is, the coherent tunnelling oscillations are inhibited at high numbers
of atoms, and this is the analogue of the self-trapping transition [15] for the double-
well BEC. Note that this result arises even for a fixed number of atoms N, and does
not therefore rely on coherence between different number states. It does, however,
require there to be a well defined relative phase between the amplitudes b1,2 of the
two potential wells.

We can equally well write the solution in terms of three real variables x,y,z de-
fined by

x =
1
2
(|b2|2−|b1|2) (19.55)

y = − i
2
(b∗1b2−b∗2b1) (19.56)

z =
1
2
(b∗1b2 + b1b∗2) (19.57)
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with x2 + y2 + z2 = 1/4, so that the dynamics is constrained to the surface of a
sphere. We can gain some further insight into the nature of the nonlinear dynamics
by considering the fixed points of this dynamical system, that is, those points for
which the velocity vanishes (ẋ = ẏ = ż = 0). There are four fixed points, (x∗,y∗,z∗)
given by

(x∗,y∗,z∗) =

⎧⎪⎪⎨
⎪⎪⎩

(0,0, 1
2 ) (1)

(0,0,− 1
2) (2)

1
4(
√

4Θ 2−1,0,1)Θ (3)
1
4(−√4Θ 2−1,0,1)Θ (4)

(19.58)

where Θ = κN/Ω. If we linearise the motion around each fixed point we see that
the resultant eigenvalues for each of the four fixed points above are

λ1 = ±√2Θ −1

λ2 = ±i
√

2Θ + 1

λ3,4 = ±i
√

4Θ 2−1

The bifurcation at Θ = 1/2 is thus a pitchfork bifurcation. For Θ < 1/2 there are
two elliptic fixed points at the top and bottom of the sphere. Above the bifurcation,
Θ > 1/2, the elliptic fixed point at the top of there sphere becomes a saddle point,
giving rise to two elliptic fixed points that move from the north pole towards the
equator at x =±1/2. The bifurcation diagram is shown in Fig.19.5.

An experimental demonstration of the transition between tunneling and self trap-
ping was published by the Oberthaler group in 2006 [16]. The double well system
was created using an optical dipole standing wave potential superimposed on a mag-
netic harmonic trap. The potential formed in one dimension has the form

Vdw =
1
2

mω2
x (x−Δx)2 +V0 cos2

(
πx
dl

)
(19.59)

where Δx is a relative offset that controls the asymmetry of the potential: when
Δx = 0, a symmetric double well is obtained. The parameters of the system were
carefully determined by independent measurement to be ωx = 2π × 78 Hz, V0 =
h× 412 Hz and dl = 5.18μm There is harmonic confinement in the other two di-
mensions. The atoms used were 87Rb. The atomic number varies from one prepara-
tion to another but is of the order of N = 1000. At the start of a run the parameter
Δx is set to initialise a particular population difference z = (Nl −Nr)/(Nl + Nr) be-
tween a left and right well. In the experiment the self trapping region of phase space
requires a critical population difference zc = 0.39, that is to say Josephson-like tun-
neling between the wells is apparent when the initial condition is set at z < zc, while
self trapping results for z > zc. After the preparation of the BEC in the asymmetric
double well, the offset is changed rapidly (faster than the typical tuneling time of
50 ms) to zero to produce a symmetric double well.

The experimental results were described by an extended two-mode model devel-
oped by Ananikian and Bergeman [17]. A comparison of the extended two-mode
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Fig. 19.6 A comparison
of theoretically determined
phase-portrait of the extended
two mode model and the
experimental conditions for
self trapping and tunneling
oscillations for a BEC in a
double well potential. The
Josephson oscillation region
is shaded. From Gati et al.
Applied Physics B 82, 207
(2006), Fig. 5

–1
–1

–0.5

–0.5

0

0

relative phase φ [π]

po
pu

la
tio

n 
im

ba
la

nc
e 

z

0.5

0.5

1

1

model and the experimental results is shown in Fig. 19.6 in terms of the theoreti-
cally determined phase space portrait and the experimentally determined parameters
for motion inside the separatrix(tunneling) and motion outside the separatrix (self-
trapping).

19.7.2 Quantum Dynamics

The two mode Hamiltonian given in (19.47) can be written in terms of the generators
of su(2) as

H2 = h̄ΩĴz + 2h̄κ Ĵ2
x (19.60)

with

Ĵx =
1
2
(c†

2c2− c†
1c1) (19.61)

Ĵy =
i
2
(c†

2c1− c†
1c2) (19.62)

Ĵz =
1
2
(c†

2c1 + c†
1c2) (19.63)

The corresponding Casimir invariant is related to number conservation:

Ĵ2 =
N̂
2

(
N̂
2

+ 1

)
(19.64)
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We will generally work in a Hilbert space subspace in which all states are number
eigenstates, and thus we can use the N/2(N/2 + 1) dimensional representation of
su(2). For this reason we have dropped terms that commute with N̂ from the Hamil-
tonian. In this form the Hamiltonian describes a nonlinear top, with a linear precess-
sion around the z-axis and a nonlinear precession around the x axis. These operators
are of course the operator equivalents to the semiclassical variables defined in the
previous section.

From the Heisenberg equations of motion we see that the semiclassical equations
of motion are found by taking scaled moments of the operator equations and fac-
torising all quadratic product averages, for example 〈ĴzĴx〉/N2 = 〈Ĵz〉〈Ĵx〉/N2 = xz.
In Exercise 19.2 we show that this approximation becomes good for condensates
with N >> 1.

The su(2) operators have an obvious interpretations. The operator Ĵx corresponds
to particle number difference between localised states. In Exercise 19.2 you are
asked to show that in fact it is simply the occupation number representation of
the condensate position operator in the two-mode approximation. Likewise we can
show that Ĵy represents the condensate momentum while Ĵz represents the particle
number difference between the two lowest energy eigenstates of the potential.

We can contrast the quantum and classical dynamics of the two mode condensate
by solving the Schrödinger equation in the representation that diagonalises Ĵz. This
is shown in Fig. 19.7. The semiclassical oscillations are modified by a periodic
collapse and revival envelope. For small condensates considered here, the collapse
occurs after only a few tunneling oscillations. However in the semiclassical limit of
large atomic number, and the collapse and revival times are much larger.

(a)

(b)
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Fig. 19.7 Collapses and revivals in the tunneling oscillations of condensates containing 100
(solid line) and 400 atoms (dashed line). In (a) the number of atoms is such that we are below
the critical number N = 0.9Nc, while in (b) we are above, N = 2.0Nc. The time axis has been
scaled by t0 = 1/Ω. From Milburn et al. Phys. Rev. A 55, 4318–4324 (1997) [25]
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19.8 Coherence Properties of Bose–Einstein Condensates

The coherence properties of a Bose condensate may be determined in a similar fash-
ion to those for laser light. In a laser first order optical coherence is established via
interference experiments and second and higher order optical coherence via inten-
sity correlation measurements.

19.8.1 1st Order Coherence

First order coherence in a Bose-Einstein condensate was established in an exper-
iment demonstrating interference between two condensates [18]. The interference
was obtained between two condensates created in a double well trap which were
released from the trap and allowed to expand and overlap. The interference fringes
observed by absorption imaging are shown in Fig. 19.8. The fringe spacing may be
established by considering two point-like condensates with separation d. The rela-
tive speed between the two condensates at any point in space is d/t where t is the
delay between switching of the trap and observation. The fringe spacing is the de
Broglie wavelength λ associated with the relative motion of atoms with mass m,

λ =
h̄t
md

. (19.65)

Absorption

0.0 0.5 1.0

Fig. 19.8 The interference pattern of two expanding condensates released from a trap (Fig. 2
from [18]
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Their observation confirmed that the fringe spacing became smaller for larger values
of d.

The observed contrast of the atomic interference was between 50 and 100% .
Since the condensates are much larger than the observed fringe spacing they must
have a high degree of spatial coherence. These measurements established the long
range order of the condensate. The theoretical calculations of Sect. 19.6 predicted
that two independent condensates will exhibit interference fringes with a phase that
varies from run to run. This was not possible to verify in the experiment since me-
chanical instabilities were sufficient to generate a random phase.

Spatial interference fringes have also been observed between condensate atoms
outcoupled from a trap demonstrating that the coherence is preserved by the output
coupler. This may be considered as the first prototype of an “atom laser”.

19.8.2 Higher Order Coherence

Evidence for higher–order coherence, strengthening the analogy between conden-
sates and optical laser photons, has also been provided through careful interpretation
of some fundamental condensate properties, in particular, of the loss rate of atoms
from the condensate via three–body recombination and of the mean field energy of
the condensate.

The atom loss rate due to three–body recombination is directly related to the
probability of finding three atoms close to each other [26], and can therefore act as
a probe of the third–order correlation function

g(3)(r,r,r) =
〈Ψ̂†(r)Ψ̂ †(r)Ψ̂†(r)Ψ̂ (r)Ψ̂(r)Ψ̂ (r)〉

n(r)3 , (19.66)

where n(r) = 〈Ψ̂ †(r)Ψ̂ (r)〉 is the atomic density. Importantly, the value of this func-
tion differs between condensates and thermal clouds by a factor of 3! = 6; in partic-
ular, the value of g(3)(r,r,r) for a thermal cloud is a factor of six larger than that for
a condensate, implying an atom loss rate due to three–body recombination six times
larger. The ratio of the noncondensate to the condensate rate constants for this loss
process was found by Burt et al. [27] to be 7.4±2.0, confirming the presence of at
least third–order coherence in their condensates.

Similarly, Ketterle and Miesner [28] have pointed out that the mean–field energy
of a condensate, 〈U〉, provides a direct measure of the second–order correlation
function,

g(2)(r,r) =
〈Ψ̂ †(r)Ψ̂†(r)Ψ̂ (r)Ψ̂(r)〉

n(r)2 , (19.67)

through the relationship (see 19.5)

〈U〉=
(

2π h̄2a
m

)
g(2)(0)

∫
d3r [n(r)]2 , (19.68)
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where g(2)(0) ≡ g(2)(r,r), assuming that g(2)(r,r′) depends only on r− r′. Re–
analysing condensate data from earlier experiments, they obtain values of g(2)(0)
close to 1, as expected for a condensate and differing from that of a thermal cloud,
for which g(2)(0) = 2. The reduced value of g(2)(0) for a condensate reflects reduced
density fluctuations, in direct analogy with the reduced intensity fluctuations of a
(photon) laser in comparison with a thermal light source.

We note that g(2)(0) = 1,g(3)(0) = 1, while consistent with a coherent state does
not distinguish from a number state for g(2)(0) = 1− 1/n,g(3)(0) = 1− 3/n for
n∼ 106.

A direct experimental determination of the atom counting statistics may be made
by out coupling atoms from the condensate and letting them fall under the action
of gravity: that is an atom laser. The atoms fall through an optical cavity and mod-
ulate the transmission of a coherent laser beam through the cavity by changing the
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Fig. 19.9 The atom number counting statistics for an out-coupled BEC. In (a) the second order
correlation functions is shown. (b) the full counting statistics for the atomic number counted in a
time T − 1.5 ms. The symbol + indicates the probability for a Poisson distribution with the same
mean number n̄ = 1.99 is shown (Fig. 3 from [22])



References 419

absorption and refractive index of the cavity. In the experiment of Öttl et al. [22],
using an out-coupled 87Rb BEC, single atoms transiting the driven cavity resulted
in a drop in transmission. In this way a Hanbury-Brown Twiss experiment can be
done to determine not only g(2) for the atoms but the full counting statistics. The
results are shown in Fig. 19.9. We can clearly see the expected value of 1 indicating
a coherent beam.

Exercises

19.1. Show that the condensate Hamiltonian is invariant under the gauge transfor-
mation ψ̂(r)→ ψ̂(r)eiφ(r).

19.2. The spin coherent states are defined by (see Exercise 15.3)

|α〉= (1 + |α|2)− j
j

∑
m=− j

(
N
m

)1/2

α(m+ j)| j,m〉 (19.69)

where | j,m〉 is the simultaneous eigenstate of Ĵ2 and Ĵz and α is a complex
number. These states have the same form as the general total number eigen-
state for a two-mode condensate given in (19.14) and with the operator cor-
respondence given in Sect. 19.7.2. Compute the moments 〈Ĵk〉 k = x,y,z
in terms of α , and show that α lies in the complex plane of the stereo-
graphic projection of the Bloch sphere. Also compute the second order mo-
ment 〈ĴzĴx〉/N2 and show that for N >> 1 it may be factorised.

19.3. Show that the occupation number representation of the position operator x̂ in
the two-mode approximation is given by

x̂ =
2q0

N
Ĵx (19.70)
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